Let A n be the class of analytic functions f of the form
Introduction and Preliminaries
Let A n be the class of analytic functions defined on the unit disc ∆ = {z ∈ C : |z| < 1} with the normalized condition f (0) = 0 = f ′ (0) − 1. Let S be the class of all functions f ∈ A n which are univalent in ∆. So f (z) ∈ S has the form
(1.1)
Here A 1 = A. A function f ∈ A is said to be in S * iff f (∆) is starlike domain with respect to the origin. Let 0 ≤ β < 1 and S * (β) = { f ∈ A : Re
f (z) > β, z ∈ ∆ } be the class of starlike functions of order β. So S * (0) ≡ S * . A function f ∈ A is said to be the strongly starlike of order γ, 0 < γ ≤ 1 iff f satisfies the condition
where ≺ denotes the subordination (for basic results in subordination we refer to [3] ). We denote S γ to be the class of strongly starlike functions of order γ. Clearly S * ≡ S 1 . If 0 < γ < 1, then S γ is completely contained in the class of bounded starlike functions [2] .
Here S * n (β) ≡ S * (β)
For α > 0, 0 < λ ≤ 1 and µ > 0, we define the class U n (α, λ, µ) by
, n = 1, µ = 1 and λ = 1, this class becomes U, which was introduced by Ozaki and Nunokawa [8] . They shown that U(1, 1) = U ⊂ S. For α = 1, n = 1, 0 < λ ≤ 1 and µ < 0 this class becomes U(λ, µ) which is a subclass of the class of Bazilevič functions. It is known that the class of Bazilevič functions are univalent [1] and hence U(λ, µ) ⊂ S. But since Koebe function k(z) = z (1−z) 2 does not belong to U(λ, 1) for 0 < λ ≤ 1 and for that reason many authors were interested for this class. For different choices of µ with α = 1, this class has been extensively studied by many authors which are included in [4, 5, 6, 7, 9, 10, 11] .
In [13] , Zhu has considered the above class U n (α, λ, µ) for µ < 0 and established some results using differential subordination. In the present paper we consider this class for µ > 0 and by using different techniques we find conditions on α, λ and µ so that this subclass is included in different well-known subclasses like S n γ (0 < γ ≤ 1) and S * n (β) (0 < β < 1). Also in this paper we studied a generalized integral transform for this class. Some of the results are improved versions of the results found in Zhu [13] and some of the results are new.
Discussion of U n (α, λ, µ)
Let λ > 0, α > 0 and µ ∈ (0, αn), where n ∈ N is fixed. Then each f ∈ U n (α, λ, µ) can be written as
For some w ∈ B n , where
Here H denotes the class of all analytic functions in ∆. If we set
then from the definition of U n (α, λ, µ), we get
An algebraic computation implies that
As w(z) ∈ B n , Schwarz' lemma gives that |w(z)| ≤ |z| n for z ∈ ∆ and therefore
Equality holds in each of the last two inequalities (2.5) and (2.6) for functions of the form
Here the powers are taken as the principal branch. By (2.5), it follows that
In this section we find the conditions for f ∈ U n (α, λ, µ) to be in the subclasses of S.
and by (2.5), we get
Therefore, it follows from (2.4) and (3.9) that
Using the formulae (3.10) and (3.11) and from addition formula for the inverse of the sine function, arcsin(x) + arcsin(y) = arcsin[x
we find that
which proves the theorem.
Remark 3.1. Above theorem for α = 1 is proved by Ponnusamy and Sahoo [11] .
For n = 1 and α = 1, this gives result given in Obradović [4] . Also for n = 2 i.e. f ∈ A 2 with f ′′ (0) = 0 and µ = 1, above theorem yields a recent result of Obradović [6] .
Proof. Let f ∈ U n (α, λ, µ) for some µ ∈ (0, nα). Following the proof of Theorem 3.1, we obtain that
From above two inequalities, we get
After calculation, we see that the right hand side of the last inequality is less than or equal to γπ 2 provided
which completes the proof. 
Proof. Suppose that f ∈ U n (α, λ, µ). Then, by the representation (2.3) and (2.4), it follows that
and therefore
We want f to be in S * n (β). To do this, according to a well known result of Ruscheweyh [12] and the last equation, it sufficient to show that
which is equivalent to
If we let
, T ∈ R then, in view of the rotation invariance property of the space B n , we obtain that
This observation shows that it suffices to find M . First we notice that
Then, by differentiating Φ with respect to x, we get
We next consider different cases. 
for all x ≥ 0, where A = 2(nα−µ)α(1−β)
, we see that Φ has its only critical point in the positive real line at
After comparison with Φ ′ (x), we get Φ ′ (x) > 0 for 0 ≤ x < x 0 and Φ ′ (x) < 0 for x ≥ x 0 . Therefore, Φ(x) attains maximum value at x 0 and hence,
The required result now follows from (3.12) and (3.13).
In this section we consider the following integral transform I(f ) of f ∈ A defined by
This transform is similar to the Alexander transform when c = µ = 1 and is similar to Bernardi transformation when µ = 1 and c > 0. (4.14) . Then F ∈ S * β whenever c, λ, α are related by
Here the class S * β defined by
, we see that
From above we get
From (4.15) and (4.16) and the condition f ∈ U n (α, λ, µ), it follows that P (z) satisfies the second order differential equation
where w ∈ B n . If we take P (z) = z + ∑ ∞ k=n+1 c k z k and w(z) = ∑ ∞ k=n+1 w k z k in (4.18), then by equating the coefficients of z n we get the representations
. (4.20) In view of the equality
where w ∈ B n , it follows that ( z f (z) and by λ defined in Theorem (4.1). This completes the proof.
The case α = 1 of Theorem (4.1) has been obtained in [11] .
Remark 4.1. Above theorem for α = 1 is proved by Ponnusamy and Sahoo [11] .
Taking β = 0 in Theorem 4.1, we have + 1 − µ) .
Then F defined in (4.14)satisfies
and, in particular, F is starlike in ∆.
